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The Research problems section presents unsolved problems in discretemathematics. In special issues, these typically
are problems collected by the guest editors. In regular issues, they generally consist of problems submitted on an
individual basis.
Older problems are acceptable if they are not widely known and the exposition features a new partial result. Concise
deﬁnitions and commentary (such as motivation or known partial results) should be provided to make the problems
accessible and interesting to a broad cross-section of the readership. Problems are solicited from all readers. Ideally,
they should be presented in the style below, occupy at most one journal page, and be sent to
Douglas B. West
Mathematics Department, University of Illinois, 1409, West Green St., Urbana, IL 61801-2975, USA
west@math.uiuc.edu
The problems in this issue were presented at the problem session of the Fifth Slovenian International Conference
on Graph Theory, held from June 22nd to 27th, 2003 in Bled, Slovenia. Some were removed for editorial reasons or
because they have been solved. The problems were collected and edited (in consultation with Professor West) by Profs.
Mohar and Nowakowski.
These problems all concern graphs. They begin with geometric aspects of graphs and move on to subgraphs and
coverings, connectivity and cycle, conﬁgurations and cages, and ﬁnally graphs with special properties.
Comments and questions of a technical nature about a particular problem should be sent to the correspondent for
that problem. Other comments and information about partial or full solutions should be sent to Professor West (for
potential later updates).
PROBLEM 437. Crossing-critical graphs
R. Bruce Richter
University of Waterloo, Waterloo, Ont., Canada
brichter@uwaterloo.ca
The crossing number cr(G) of a graph G is the minimum number of crossings of edges in a drawing of G in the
plane. A graph G is k-crossing-critical if cr(G)k but cr(H)< k for every proper subgraph H of G.
Hlineˇny [1] has proved that k-crossing-critical graphs have bounded path-width. Graphs of bounded path-width may
have vertices of arbitrarily large degree. However, no such examples of crossing-critical graphs are known.
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Conjecture 1. For every positive integer k, there is an integer f (k) such that the maximum degree of any k-crossing-
critical graph is at most f (k).
Conjecture 2. For every positive integer k, there is an integer f (k) such that the bandwidth of any k-crossing-critical
graph is at most f (k).
Comment. Since the bandwidth of a graph with maximum degree d is at least d/2, Conjecture 2 implies
Conjecture 1.
Reference
[1] P. Hlineˇny, Crossing-number critical graphs have bounded path-width, J. Combin. Theory (B) 88 (2003) 347–367.
PROBLEM 438. Rigidity of 4-connected planar graphs
Brigitte Servatius
Worcester Polytechnic Institute, Worcester, MA, USA
bservat@wpi.edu
A graph G with n vertices and e edges is isostatic in the plane [1] if e = 2n − 3 and every k-vertex subset spans at
most 2k − 3 edges. For example, every maximal outerplanar graph is isostatic. A graph is generically rigid in the plane
if it contains a spanning isostatic subgraph. Note that these deﬁnitions do not require G to be planar.
Lovász and Yemini [2] showed that all 6-connected graphs are generically rigid. We wonder if this result can be
improved for planar graphs.
Question. Is it true that every 4-connected planar graph is generically rigid in the plane?
References
[1] G. Laman, On graphs and rigidity of plane skeletal structures, J. Eng. Math. 4 (1970) 331–340.
[2] L. Lovász, Y.Yemini, On generic rigidity in the plane, SIAM J. Algebraic Discrete Methods 3 (1982) 91–98.
PROBLEM 439. Twisted octahedra as submaps
Dan Archdeacon, C. Paul Bonnington (correspondent), and Joanna A. Ellis-Monaghan
University of Auckland, Auckland, New Zealand
p.bonnington@auckland.ac.nz
The twisted octahedron is the quadrangulation of the torus shown in Fig. 1. Its graph is isomorphic to the octahedron,
K2,2,2.
Conjecture. Every torodial triangulation contains a submap homeomorphic to a twisted octahedron.
Comment. The conjecture has been veriﬁed for 21 irreducible triangulations (see [1,2]) of the torus.
References
[1] S. Lawrencenko, The irreducible triangulations of the torus (in Russian), Ukrain. Geom. Sb. 30 (1978) 52–62.
[2] B. Mohar, C. Thomassen, Graphs on Surfaces, Johns Hopkins University Press, Baltimore, MD, 2001.
Fig. 1. Twisted octahedron.
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PROBLEM 440. Geometric representation of wide maps
Dan Archdeacon, C. Paul Bonnington (correspondent), and Joanna A. Ellis-Monaghan
University of Auckland, Auckland, New Zealand
p.bonnington@auckland.ac.nz
A geometric representation of a map embedded on a surface has as vertices points in three-dimensional space; its
edges are line segments joining their endpoints, each face has all of its boundary points co-planar, and faces intersect
only as forced to by their boundaries. The width (also called representativity) of a triangulation of a surface is the length
of the shortest noncontractible cycle.
Conjecture. There exists a constant k such that every triangulation of an orientable surface having width at least k
admits a geometric representation in R3.
Comment. Bojan Mohar observed that if k is allowed to depend on the genus of the surface, then using the results of
Robertson and Seymour on graph minors, the conjecture is easily seen to be true. On the other hand, it is known [1]
that k = 3 does not sufﬁce.
Reference
[1] J. Bokowski, A. Guedes de Oliveira, On the generation of oriented matroids, Discrete Comput. Geom. 24 (2000)
197–208.
PROBLEM 441. (1–2–3)-complexes
Branko Grünbaum
University of Washington, Seattle, WA 98195, USA
grunbaum@math.washington.edu
A (1–2–3)-complex is a two-dimensional cell complex inwhich each 1-cell (edge) is contained in three 2-cells (faces).
Initial results on (1–2–3)-complexes appear in [1].
The simplest (1–2–3)-complex consists of eight triangles forming a regular octahedron plus the three “equatorial”
squares. Several uniform (“Archimedean”) polyhedra also become (1–2–3)-complexes with the addition of appropriate
polygons. We designate such a polyhedron by the cyclic list of face-lengths at each vertex. To the cuboctahedron
(3.4.3.4) we add the four regular hexagons determined by its edges. (The notation (a.b.c.d) describes the vertex
ﬁgure of the polyhedron, listing the lengths of faces surrounding a vertex in the clockwise order.) Others include:
the rhombicuboctahedron (3.4.4.4) plus six octagons, the icosidodecahedron (3.5.3.5) plus six decagons, and the
rhombicosidodecahedron (3.4.5.4) plus twelve decagons. Realizations in R3 of all of these (1–2–3)-complexes have
self-intersections.
A (1–2–3)-complex is acoptic if it is realized with no two faces intersecting other than along boundaries. There are
acoptic (1–2–3)-complexes in great profusion. If C is a simple (3-valent) convex polyhedron, and C′ is obtained from
C by an expansion about an interior point of C, then the faces of C and C′ together with all the quadrangles determined
by the edges of C and their images in C′ form an acoptic (1–2–3)-complex. More generally, the 2-skeleton of every
simple convex 4-polytope is an acoptic (1–2–3)-complex.
Question 1. Is every 3-connected graph G isomorphic to a subgraph of the 1-skeleton of an acoptic (1–2–3)-complex
K? If so, can K be chosen in R4? In R3? Is there a reasonable limit on the size of K in terms of parameters of G?
Comment. It is not hard to prove that every 3-connected planar graph is isomorphic to a subgraph of the 1-skeleton of
an acoptic (1–2–3)-complex in R3.
Question 2. Is there a nice characterization of spanning subgraphs of (1–2–3)-complexes and of acoptic (1–2–3)-
complexes in R3 or in R4?
Comment.A (1–2–4)-complex is a cell complex in which every 1-cell lies in four 2-cells. Adding twelve pentagons to
the twenty triangles of an icosahedron yields a (1–2–4)-complex.
Question 3. Can every 4-connected graph be imbedded in the 1-skeleton of some (1–2–4)-complex?
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Reference
[1] B. Grünbaum, (1–2–3)-complexes, Geombinatorics 13 (2003) 65–72.
PROBLEM 442. Isometric dimension and “Cops-and-Robber”
Richard Nowakowski
Dalhousie University, Halifax, Nova Scotia, Canada B3H 3J5
rjn@mathstat.dal.ca
The game of Cops-and-Robber on a graph G is a two-team game. There are k Cops and one Robber. The Cops all
occupy vertices (not necessarily distinct), and then the Robber occupies a vertex. Starting with the Cops, the two sides
move alternately, at each turn moving a subset of their members to adjacent vertices. The positions of all players are
known to both teams at all times. The Cops win if some cop and the robber occupy the same vertex at the same time.
The Robber wins if this situation never occurs.
The cop number c(G) is the least number of cops needed to catch a robber on G. Every tree has cop number 1. This
Cops-and-Robber game is different from the Cops-and-Robber game used to describe treewidth in [2].
A graph G is an isometric subgraph of H if there is a map f : V (G) → V (H) such that dG(x, y)= dH (f (x), f (y))
whenever x, y ∈ V (G). The strong isometric dimension of a graph G, written idim(G), is the least k such that G is an
isometric subgraph of the strong product of k paths whose length is the diameter of G. Here the strong product of graphs
G1, . . . ,Gk is the graph with vertex set {(v1, . . . , vk): vi ∈ V (Gi)} having (u1, . . . , uk) adjacent to (v1, . . . , vk) if
and only if ui is equal or adjacent to vi for all i.
In [1] it is shown that if idim(G) = 2, then c(G)2.
Question. Is the cop number of graphs with strong isometric dimension three bounded?
References
[1] S.L. Fitzpatrick, R.J. Nowakowski, Cop number of graphs with strong isometric dimension two, Ars Combin. 59
(2001) 65–73.
[2] P.D. Seymour, R. Thomas, Graph searching and a min-max theorem for tree-width, J. Combin. Theory (B) 58
(1993) 22–33.
PROBLEM 443. Special case of the Fulkerson Conjecture
Roland Häggkvist
Umea University, 901 87 Umea, Sweden
roland.haggkvist@math.umu.se
The Fulkerson Conjecture, also known as the Berge–Fulkerson Conjecture, states that every 2-connected 3-regular
graph has six perfect matchings that together cover every edge exactly twice. That is, the six matchings form a double
cover. The conjecture is attributed to Berge in [2] and ﬁrst appears in print in [1]. The conjecture holds trivially for
3-edge-colorable 3-regular graphs, and it also holds for the Petersen graph.
Every Hamiltonian 3-regular graph is 3-edge-colorable. We pose a natural special case of the conjecture that may be
easier than the general case. A graph G is hypohamiltonian if G − x is hamiltonian for every x ∈ V (G).
Conjecture. Every hypohamiltonian 3-regular graph admits a double cover with six perfect matchings.
References
[1] D.R. Fulkerson, Blocking and anti-blocking pairs of polyhedra, Math. Programming 1 (1971) 168–194.
[2] P.D. Seymour, On multi-colourings of cubic graphs, and conjectures of Fulkerson and Tutte, Proc. London Math.
Soc. 38(3) (1979) 423–460.
PROBLEM 444. Connectivity-preserving spanning trees
Matthias Kriesell
University of Hamburg, Hamburg, Germany
kriesell@math.uni-hamburg.de
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An important theme in the study of graph structure is that sufﬁciently high connectivity implies a variety of properties
related to connectedness. We pose such a question.
Question. When k is a positive integer, is it true that there exists an integer f (k) such that every f (k)-connected graph
G has a spanning tree T such that G − E(T ) is k-connected?
Comment. Classical results imply the analogous statement when “connected” is replaced with “edge-connected”.
Nash-Williams [2] proved that every 2(k+1)-edge-connected graph has k+1 edge-disjoint spanning trees. Removing
the edges of any one leaves a k-edge-connected subgraph. Hence every (2k+2)-edge-connected graphG has a spanning
tree T such that G − E(T ) is k-edge-connected.
Since “1-connected” is equivalent to “1-edge-connected”, the answer to the question is yes when k=1. Furthermore,
f (1) = 4, since 3-connected graphs may have too few edges to suffer deletion of the edges in a spanning tree.
Jordán [1] solved the problem for k = 2, proving that f (2)12.
References
[1] T. Jordán, On the existence of k edge-disjoint 2-connected spanning subgraphs, J. Combin. Theory (B) 95 (2005)
257–262.
[2] C.St.J.A. Nash-Williams, Edge-disjoint spanning trees of ﬁnite graphs, J. London Math. Soc. 36 (1961) 445–450.
PROBLEM 445. Minor-minimal k-connected graphs
Matthias Kriesell
University of Hamburg, Hamburg, Germany
kriesell@math.uni-hamburg.de
A graph G is essentially (k + 1)-connected if G is k-connected and the deletion of any separating k-set leaves an
isolated vertex and one other component or leaves three isolated vertices. That is, there are no “nontrivial” separating
k-sets. A graph is minor-minimal with a given property if no graph obtained from it by deletions and contractions of
edges also has that property.
Question. When k is a positive integer, is it true that every minor-minimal k-connected graph of order at least 2k + 2
is essentially (k + 1)-connected?
Comment. The answer is yes when k4; see [2]. If it also holds for k = 5, then every minor-minimal 5-connected
graph has at most 12 vertices.
Fijavž [1] has shown that there are precisely four minor-minimal 5-connected graphs with at most 10 vertices:
K6, K2,2,2,1, the graph obtained from K8 by removing the edges of a 5-cycle and a 3-cycle sharing no vertices,
and another graph on 10 vertices embeddable in the projective plane. He also conjectured [1] that there are only
two other minor-minimal 5-connected graphs, the icosahedron and the graph obtained from the icosahedron by
replacing the 5-cycle abcdea in the neighborhood of some vertex by the 5-cycle abceda. They both have
12 vertices.
References
[1] G. Fijavž, Minor minimal 5-connected projective planar graphs, J. Combin. Theory (B), to appear.
[2] M. Kriesell, How to contract an essentially 6-connected graph to a 5-connected graph, Discrete Math., this issue,
doi:10.1016/j.disc.2005.09.040.
PROBLEM 446. Variations on the Matthews–Sumner Conjecture
Hong-Jian Lai
West Virginia University, Morgantown, WV, USA
hjlai@math.wvu.edu
Matthews and Sumner [3] conjectured that every 4-connected claw-free graph is hamiltonian. Ryjácˇek [4]
proved this equivalent to the seemingly weaker conjecture of Thomassen [5] that every 4-connected line graph is
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hamiltonian (line graphs are claw-free). Zhan [6] and Jackson [1989, unpublished] independently proved that every
7-connected line graph is hamiltonian (extended by Ryjácˇek [4] to 7-connected claw-free graphs). We pose conjec-
tures that would reduce the connectivity requirements on line graphs for hamiltonicity, toward the Matthews–Sumner
Conjecture.
A graph is nontrivial if it has at least one edge; it is claw-free if it has no induced subgraph isomorphic to K1,3. A
graph G is essentially k-edge-connected if deleting any k − 1 edges leaves at most one nontrivial component. A graph
is supereulerian if it has a spanning closed trail; that is, a connected spanning subgraph whose vertices all have even
degree. A graph H is collapsible if for every even-sized subset S of V (H), there is a spanning connected subgraph of
H whose set of odd-degree vertices is S.
Conjecture 1. Every 3-edge-connected, essentially 5-edge-connected graph is supereulerian.
Conjecture 2. Every 3-edge-connected, essentially 6-edge-connected graph is collapsible.
Comment. LetL(G) denote the line graph of a graph G.A line graphL(G) is k-connected if and only if G is essentially
k-edge-connected. Also, Harary and Nash-Williams [2] showed that L(G) is hamiltonian if and only if G has a closed
trail containing a vertex of every edge. Thus, Thomassen’s conjecture above can be restated as saying that every
essentially 4-edge-connected graph has such a trail.
Conjecture 1 suggests that under a stronger hypothesis this trail can be required to visit all vertices, and it implies that
5-connected line graphs are hamiltonian. Conjecture 2 suggests an even stronger conclusion under a stronger hypothesis
(taking S =∅ in the deﬁnition shows that every collapsible graph is supereulerian), and it implies that 6-connected line
graphs are hamiltonian. Both conjectures are weaker than the Matthews–Sumner Conjecture. For more on supereulerian
graphs, see [1].
References
[1] P.A. Catlin, Super-Eulerian graphs: a survey, J. Graph Theory 16 (1992) 177–196.
[2] F. Harary, C.St.J.A. Nash-Williams, On eulerian and hamiltonian graphs and line graphs, Canad. Math. Bull. 8
(1965) 701–709.
[3] M.M. Matthews, D.P. Sumner, Hamiltonian results in K1,3-free graphs, J. Graph Theory 8 (1984) 139–146.
[4] Z. Ryjácˇek, On a closure concept in claw-free graphs, J. Combin. Theory (B) 70 (1997) 217–224.
[5] C. Thomassen, Reﬂections on graph theory, J. Graph Theory 10 (1986) 309–324.
[6] S. Zhan, On Hamiltonian line graphs and connectivity, Discrete Math. 89 (1991) 89–95.
PROBLEM 447. Near-cages
Harald Gropp
University of Heidelberg, Heidelberg, Germany
d12@ix.urz.uni-heidelberg.de
A conﬁguration vk is a k-regular k-uniform hypergraph with v vertices and v edges such that any two edges share at
most one vertex. Every edge has size k, and every vertex appears in k edges. The Levi graph of a conﬁguration is its
bipartite incidence graph; it is k-regular graph with 2v vertices and has girth at least 6.
A graph with fewest vertices among regular graphs of girth g and degree k is called a (k, g)-cage; such graphs exist
for all k and g [1]. Such a graph with the second-smallest number of vertices is a (k, g)-near-cage. Fix g = 6 and drop
the parameter g. There are known k-near-cages up to k = 6.
Question. What are the k-near-cages for k = 7?
Comment. For k6, the known k-near-cages are the Levi graphs of appropriate conﬁgurations. The only 3-near-cage
comes from the unique conﬁguration 83. Similarly, the only 4-near-cage comes only from the unique conﬁguration
144. A 5-near-cage arises from at least one conﬁguration 235. A 6-near-cage arises from at least one conﬁguration 346
constructed by Krcˇadinac [4]. The other possible candidate, a conﬁguration 336, has been shown not to exist by Kaski
and Österga˚rd [3]. A 7-near cage arises from one of 467 (92 vertices), 477 (94 vertices), or 487 (96 vertices). Only the
last conﬁguration is known to exist.
This problem updates [2].
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References
[1] P. Erdo˝s, H. Sachs, Reguläre Graphen gegebener Taillenweite mit minimaler Knotenzahl, Wiss. Z. Martin-Luther-
Univ. Halle-Wittenberg Math.-Natur. Reihe 12 (1963) 251–257.
[2] H. Gropp, Problem 397: “Problem 6”, in: P.J. Cameron (Ed.), Research Problems from the 18th British Combina-
torial Conference, Discrete Math. 206 (2003) 441–451.
[3] P. Kaski, P.R.J. Österga˚rd, There exists no symmetric conﬁguration with 33 points and line size 6, J. Combin.
Theory (A), submitted for publication.
[4] V. Krcˇadinac, Konstrukcija i klasiﬁkacija konacˇnih struktura pomoc´u racˇunala, Ph.D. Thesis, Zagreb, Croatia,
2004.
PROBLEM 448. Geometric realizability of cages with even girth
Tomaž Pisanski
University of Ljubljana, Ljubljana, Slovenia
Tomaz.Pisanski@fmf.uni-lj.si
A (k, g)-cage is a smallest graph among the k-regular graphs with girth g; such graphs exist by [1]. Here we consider
only k = 3. For g6, the (3, g)-cages are unique; the (3, 2)-cage is the dipole 3, the (3, 3)-cage is the complete graph
K4, the (3, 4)-cage is the complete bipartite graph K3,3, the (3, 5)-cage is the Petersen graph, and the (3, 6)-cage is the
Heawood graph (the incidence graph of the Fano plane).
There are known (3, g)-cages up through g = 12, and all with even g are bipartite. In [2], it was conjectured that all
(3, g)-cages with even g are bipartite; also Exoo (private communication) recalls hearing Harary make this conjecture
around 1979.
We say that a bipartite graph is realizable if it is the incidence graph (also called Levi graph) of some geometric
arrangement of points and lines in the Euclidean plane.
Question. Is there a realizable (3, 14)-cage? Is there a sequence of graphs such that for r4, the graph G2r is a
realizable 3-regular graph with girth 2r?
Comment. The (3, 2)-cage and (3, 4)-cage are realizable. The (3,6)-cage is not realizable, since the points and lines
of the Fano plane cannot be drawn in the Euclidean plane using straight lines. The known 3-regular cages with girths
8, 10, and 12 are realizable. These results appear in [2].
References
[1] P. Erdo˝s, H. Sachs, Reguläre Graphen gegebener Taillenweite mit minimaler Knotenzahl, Wiss. Z. Martin-Luther-
Univ. Halle-Wittenberg Math.-Natur. Reihe 12 (1963) 251–257.
[2] T. Pisanski, M. Boben, D. Marušicˇ, A. Orbanic´, A. Graovac, The 10-cages and derived conﬁgurations, Discrete
Math. 275 (2004), 265–276.
PROBLEM 449. Haar graphs with large Haar norm
Tomaž Pisanski
University of Ljubjana, Ljubljana, Slovenia
Tomaz.Pisanski@fmf.uni-lj.si
Given a positive integer n with binary representation n =∑k−1r=0 ar2r (where henceforth k = log2 n), let A = {r:
ar = 1}. The Haar graph H(n) is the bipartite graph with partite sets {u0, . . . , uk−1} and {v0, . . . , vk−1} deﬁned by
making ui and vj adjacent if and only if j − i ∈ A (mod k). For example, the Heawood graph (the (3, 6)-cage and
incidence graph of the Fano plane) is H(69). Haar graphs are introduced in a more general context in [1] using a
“voltage graph” construction with group ; here  is the cyclic group Zk .
With A and k as above for n, let p(n, x) =∑r∈A xr . Deﬁne the Haar norm h(n) by
h(n) = 1
k
k−1∑
j=0
|p(n,j )|,
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where  is a primitive kth root of unity. We also refer to h(n) as the Haar norm of the associated graph H(n). For the
Heawood graph, we have h(69) = 37 (1 + 2
√
2) = 1.64075 . . . .
Question. Is there a 3-regular Haar graph H(n) with Haar norm greater than h(69)?
Reference
[1] M. Hladnik, D. Marušicˇ, T. Pisanski, Cyclic Haar graphs, Discrete Math. 244 (2002) 137–152.
PROBLEM 450. Parity-ncc graphs
Anthony Bonato
Wilfrid Laurier University, Waterloo, Ont., Canada N2L 3C5
abonato@wlu.ca
Given a vertex x in a simple graph G, letNc[x]=V (G)\N(x), whereN(x) denotes the set of neighbors of x.A graph
G is an ncc graph if for every x ∈ V (G), the subgraphs induced by N(x) and Nc[x] are isomorphic. The acronym
“ncc” stands for “neighbor closed-coneighbor”.
Both Kn,n and KnK2 are ncc graphs. Bonato and Nowakowski [1] proved that a graph G is an ncc graph if and
only if G is regular with degree |V (G)|/2 and G has a perfect matching whose edges lie in no triangles. Furthermore,
these graphs are recognizable in polynomial time.
Let Ve(x) and Vo(x) denote the sets of vertices in G at even distance and odd distance from x, respectively.A graph G
is a parity-ncc graph if for every x ∈ V (G), the subgraphs induced by Ve(x) and Vo(x) are isomorphic. Every regular
graph G of degree |V (G)|/2 has diameter at most two. Therefore, every ncc graph is a parity-ncc graph, as is every
connected bipartite graph whose partite sets have equal size.
Question. Is there a nice structural characterization of parity-ncc graphs?
Comment. The class of parity-ncc graphs is closed under Cartesian product. Also, if G is a parity-ncc graph, then it is
a spanning subgraph of some ncc graph.
Reference
[1] A. Bonato, R. Nowakowski, Partitioning a graph into two isomorphic pieces, J. Graph Theory 44 (2003) 1–14.
PROBLEM 451. Smallest maximal clique in G(n, s)
Peter J. Cameron
Queen Mary, University of London, London E1 4NS, UK
p.j.cameron@qmul.ac.uk
Let G(n, s) be the graph whose vertex set is the set of permutations of {1, 2, . . . , n}, with two permutations adjacent
if they agree in strictly fewer than s positions.
Question. What is the minimum size of a maximal clique in G(n, s)?
Comment. Determining the maximum size of a clique in G(n, s) is difﬁcult. For example, if s = 2, then the clique
number is at most n(n−1), with equality if and only if there exists a projective plane of order n. It would be interesting
to have good bounds on the minimum size of a maximal clique. Some results on cliques and cocliques in G(n, s) can be
found in [2]. Related problems involving “covering radius” and “packing radius” for sets of permutations are discussed
in [1].
References
[1] P.J. Cameron, I.M. Wanless, Covering radius for sets of permutations, Discrete Math. 293 (2005) 91–109.
[2] M. Deza, P. Frankl, On the maximum number of permutations with given maximal or minimal distance, J. Combin.
Theory (A) 22 (1977) 352–360.
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PROBLEM 452. Automorphism groups of generalized Paley graphs
T.K. Lim, C.E. Praeger (correspondent)
University of Western Australia, Crawley, Australia
praeger@maths.uwa.edu.au
Let Fq be the ﬁnite ﬁeld of order q, where q is a power of a prime. Let k be a divisor of q − 1 such that (q − 1)/k is
even if q is odd. Let w be a primitive element of Fq , and let 〈wk〉 denote the multiplicative group of order (q − 1)/k
generated by wk; this acts on Fq by multiplication. Let S = 1 · 〈wk〉 be the orbit of 〈wk〉 containing 1. Let T denote the
additive group of Fq ; this acts regularly on Fq by addition.
The Generalized Paley graph GP(q, (q − 1)/k) is deﬁned to be the Cayley graph with vertex set Fq generated by S
(for x ∈ Fq and s ∈ S, there is an edge from x to the product element xs). This graph has degree (q − 1)/k. It arises in
the context of arc-transitive homogeneous factorisations of complete graphs, as described in [1].
Question. What is the full automorphism group of GP(q, (q − 1)/k)?
Comment.This graph is M-arc-transitive of valency (q−1)/k, whereM=T ×〈wk〉. If k=2, then GP(q, (q−1)/k) is
a Paley graph, and its automorphism group is well known to be T ×〈w2, 〉, where  is the Frobenius automorphism of
the ﬁeldFq . Slightly more generally, for the case where q is a power of the prime p and k|(p−1), the full automorphism
group is known to be T ×〈wk, 〉. For some other values of k, GP(q, (q −1)/k) is a Hamming graph admitting a much
larger automorphism group. These and other partial results appear in [2,3].
References
[1] C.H. Li, T.K. Lim, C.E. Praeger, Homogeneous factorisations of complete graphs with edge-transitive factors, in
preparation.
[2] T.K. Lim, Edge-transitive homogeneous factorisations of complete graphs, Ph.D. Thesis, U. Western Australia,
Crawley, Australia, 2003 〈http://arxiv.org/abs/math.CO/0605253〉.
[3] T.K. Lim, C.E. Praeger, On generalized Paley graphs and their automorphism groups, preprint (available at
〈http://arxiv.org/abs/math.CO/0605252〉).
